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INTEGRATING QUANTUM GROUPS OVER SURFACES 


DAVID BEN-ZVI, ADRIEN BROCHIER, AND DAVID JORDAN 


Abstract. Braided tensor categories give rise to 4-diinensional topological field theories, 
extending constructions of Crane-Yetter-Kauffman in the case of modular categories. In 
this paper we apply the mechanism of factorization homology in order to construct and 
compute the category-valued invariants of surfaces which form the two-dimensional part of 
the theory. Starting from modules for the Drinfeld-Jimbo quantum group C/q(g) we obtain 
in this way a form of topologically twisted 4-dimensional V = 4 super Yang-Mills theory, 
the setting introduced by Kapustin-Witten for the geometric Langlands program. 

For punctured surfaces, in particular, we produce explicit categories which quantize char¬ 
acter varieties (moduli of G-local systems) on the surface; these give uniform constructions 
of a variety of well-known algebras in quantum group theory. From the annulus, we recover 
the reflection equation algebra associated to Uq{Q), and from the punctured torus we recover 
the algebra of quantum differential operators associated to Uq{Q). From an arbitrary surface 
we recover Alekseev’s moduli algebras. Our construction gives an intrinsically topological 
explanation for well-known mapping class group symmetries and braid group actions as¬ 
sociated to these algebras, in particular the elliptic modular symmetry (difference Fourier 
transform) of quantum 2J-modules. 
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1. Introduction 

This paper is concerned with interactions between braided tensor categories and topologi¬ 
cal held theory. One well-studied source of such interactions is provided by the identihcation 
of modular categories - braided tensor categories with strong hniteness - with the possible 
values of extended (3,2,l)-dimensional topological held theories on the circle. This is the 
Witten-Reshetikhin-Turaev (WRT) construction, originating in Chern-Simons theory. 

Our interest is in a diherent interaction, tying braided tensor categories to /otir-dimensional 
topological held theories such as the topologically twisted A/" = 4 super Yang-Mills theory 
used by Kapustin and Witten to study the geometric Langlands correspondence. In this story 
braided tensor categories appear as the possible values of a fully extended four-dimensional 
held theory on a point. More precisely, one considers the Morita theory of braided tensor 
categories; this forms a 4-category with appropriate bimodules as morphisms. The Cobor- 
dism Hypothesis [Lur] then allows us to build up towards a four-dimensional held theory, to 
an extent determined by hniteness properties enjoyed by the input. 

The simplest example of such a four-dimensional theory is the four-dimensional “anom¬ 
aly theory” for the WRT theory, which was hrst introduced by Crane-Yetter and Kauh- 
man [CKY97] (and hence will be here-after abbreviated CYK), using a modular category 
construction. The CYK theory is revisited in recent work of Freed and Teleman [FT12], 
who show that a modular tensor category A4 dehnes a fully extended (in fact invertible) 
4-dimensional topological held theory valued in the Morita 4-category of braided tensor 
categories. 

We will be interested instead in braided tensor categories, such as the ribbon category 
A = RepqG of representations of the quantum group, which are not necessarily hnite or 
semi-simple, and hence not modular. Here g G C is an arbitrary complex parameter: when q 
is a root of unity, A has the modular tensor category appearing in WRT and CYK theories as 
a semi-simple sub quotient. It is expected by experts (cf. [Wal]) that under mild conditions 
ribbon categories dehne “(3-|-l)-dimensional TFTs”, meaning that they have all the lower¬ 
dimensional structures of a four-dimensional theory but are not dehned on 4-manifolds (as 
follows for example from the inhnite dimensionality of the vector spaces such a theory should 
attach to certain 3-manifolds). 

In this paper we develop factorization homology of categories and apply it to explicitly 
construct and compute these topological held theories in dimensions at most two. In the case 
of Repq G, we obtain categories which we call quantum character varieties. These quantize 
moduli spaces of local systems on surfaces and provide a unifying perspective on various 
constructions in quantum group theory. Quantum character varieties form the spectral side 
of the quantum Betti geometric Langlands conjecture [BZN16], and so should carry many 
rich structures which we plan to explore in future papers. 

2 


1.1. Factorization homology of surfaces. Factorization homology was originally intro¬ 
duced by Beilinson and Drinfeld [BD04] in the setting of conformal held theory, as an ab¬ 
straction (and geometric interpretation) of the functor of conformal blocks of a vertex alge¬ 
bra. Factorization homology in the topological, rather than conformal, setting is developed 
in [Lur] and further in [AF12, AFT14], (see [Ginl4] for a survey and [CG] for more general 
applications to quantum held theory). 

The algebraic input to factorization homology of surfaces is an “F 2 -algebra” ~ a.k.a. 
algebra over the little 2-disks operad - in an appropriate symmetric monoidal higher category 
C^. Informally speaking, an F 2 -algebra in C is an object A & C equipped with operations 
parametrized in a locally constant fashion by framed embeddings of disjoint unions 
of k disks into a large disk, and satisfying a composition law governed by composition of 
disk embeddings. If we consider oriented, rather than only framed, embeddings of disks we 
obtain the notion of a 2-disk algebra^. 

Our approach to constructing quantum character varieties is to apply the mechanism of 
factorization homology in the nonlinear setting of categories rather than the linear setting 
of vector spaces or chain complexes, i.e. we work in a 2-category C® of fc-linear categories.^. 
An elementary but important observation is that in this case, an F 2 -structure is determined 
already by the binary product A^"^ —?■ A labeled by a hxed embedding, an associator natural 
isomorphism, and a collection of braid group actions, given by monodromy over the configu¬ 
ration space. Taking into account compositions and coherences, one hnds that an F 2 -algebra 
in categories is simply a braided tensor category. Likewise, a 2-disk algebra in categories is 
a balanced (braided) tensor category (e.g. a pivotal braided category; see Remark 3.8). 

The factorization homology of a framed surface S with coefficients in an F 2 -algebra A is 
another object of C®, denoted f^A. The assignment, 

[ AeC^, 

Js 

dehnes an invariant of framed manifolds, and is functorial for framed embeddings. When A 
is a 2-disk algebra, the assignment descends to an invariant of arbitrary oriented surfaces, 
and is functorial for oriented embeddings. 

The invariant thus produced may be characterized as follows: to an open disk is 
assigned, by dehnition, the underlying object of A; to a general surface S, is assigned the 
“integration” (i.e. co-limit) over all possible embeddings of a hnite disjoint union of disks 
i : ^ S. By construction the factorization homology of any surface S with coefficients 

in A carries a universal morphism of “localization”, 

A, : ^ [ .A, 

Js 

for every disk embedding, which moreover factors through the F 2 -multiplication (in our case, 
braided tensor structure), whenever it factors through a larger disk embedding. Finally, the 
unit of A endows the factorization homology of any surface with a canonical pointing: there 


^We caution that 2-disk algebras are historically called “framed” i? 2 -algebras, a potentially confusing termi¬ 
nology in the present context! 

^Let us delay until Section 3 a discussion of the precise 2-categorical framework. 
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is a distinguished object 


which can be realized as 


O 


A,S 



A 


Oa,s — 


for any disk embedding. 

As with any homology theory, a primary tool for computing factorization homology is its 
excision property. Given an oriented 1-manifold M (in particular M = or M = I), the 
factorization homology carries a canonical i?i-structure (i.e., an associative product; 

in our categorical setting, a tensor product) from the inclusion of disjoint unions of intervals 
inside a larger interval (i.e., we stack cylinders inside a larger cylinder). Moreover the 
invariant of a manifold with a collared boundary M is naturally a module for the £'i-structure 
on the invariant of its collared boundary. This structure gives rise the excision property of 
factorization homology: let S = X~ U be a collar gluing of X^ along a 1-manifold 

MxR 

P with a trivialization iV = M x M of a tubular neighborhood N of M. Then A are 
left and right M-modules respectively, and there is an equivalence [AFT14, AF12] of 

categories 

/ a K [ A. 

Js Jx- Smxv.-^Jx+ 


1.2. Summary of results. Fix a balanced tensor category A. Our main results are as 
follows: 

• We construct the category A for any oriented surface S, equipped with a distin¬ 
guished object 0_4^s and carrying an action of the diffeomorphism group of S. 

• To a surface with a marked boundary component we attach a canonical algebra 
object 

As := End 4 (0.4,,S’) e A, 

the internal endomorphism algebra of 0_a^s- In Theorem 5.11 we produce an equiv¬ 
alence, 

/ M ~ A^-mod^, 

Js 

as a module category for A. 

• In Section 5, we develop a combinatorial framework which allows us to produce 
explicit presentations of the algebras As from a combinatorial presentation (“handle 
and comb decomposition”) of a punctured surface S. This involves giving an explicit 
computation of relative tensor products dictated by the excision axiom. 

While most of our results apply to general braided tensor categories, we will mostly be 
concerned in this paper with the balanced tensor category A = Repq G of representations 
of the quantum group UgQ, associated to a reductive group G and an arbitrary g G (see 
Section 1.3.2 for a precise dehnition). In the special case of the symmetric tensor category 
A = Rep G, the factorization homology Rep G makes sense on any topological space S. 
In the derived setting, it was proved in [BZFNIO] that the result is the dg category of quasi- 
coherent sheaves on the derived character stack ChrgiS), the moduli stack of G-local systems 
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on S (whose underlying underived stack parametrizes homomorphisms p : vri(S') —?• G, 
modulo conjugation in G)\ 

Js 

The analogous result for abelian categories of quasi-coherent sheaves on character stacks 
of surfaces follows from the main results of this paper (see Remark 1.1 for the relation 
between the derived and abelian theories). Thus we will consider the category J^RepqG to 
be the quantum analog of sheaves on the character stack, and refer to it as the {G-) quantum 
character variety. 

• For any surface the invariant part of the algebra ^5 is an explicit modular invariant 
quantization of the Poisson algebra of functions on the G-character variety Chc(*S') 
(Section 6 ). 

• For the annulus As recovers the reflection equation algebra Oq{G). For the punctured 
torus As recovers the algebra 'Dq{G) of quantum differential operators on G. More 
generally, for a punctured surface of arbitrary genus we can recover so-called moduli 
algebras of Alekseev. 

1.2.1. Factorization homology of linear categories. In order to set up factorization homology 
of linear categories, one must hnd a suitable higher categorical framework — specihcally we 
require a higher category of categories which carries a symmetric monoidal structures and is 
closed under (sufficiently many) colimits. The collection of abelian categories fails to satisfy 
these properties, and must be enlarged, in one of several related ways. In setting up the 
general foundations we establish a formalism that is potentially of independent interest to 
specialists in the theory of tensor categories. 

• We dehne factorization homology of tensor categories in the setting Pr of compactly 
generated presentable (or equivalently hnitely cocomplete Rex) categories. 

• We develop several techniques, related to Beck monadicity, for describing module 
categories explicitly as categories of modules for algebra objects, mostly extending 
well-known results from the setting of hnite (and often semi-simple) tensor cate¬ 
gories (cf. [ENOlO, Ost03, DSPS13]) to the inhnite setting. In particular we prove 
monadicity results describing various constructions with abelian tensor categories 
(such as base changes, relative tensor products, and traces) as categories of modules 
over internal endomorphism algebras. 

Remark 1.1 (Derived version). Prompted by discussions following the posting of our 
preprint, J. Lurie [Lurl 6 ] has proved that (contrary to widely held expectations) the collec¬ 
tion of Grothendieck abelian categories is closed under tensor products. The result is part of 
a general theory of derived analogues, called Grothendieck prestable cx)-categories, which are 
roughly (the positive halves of) differential graded categories with t-structures whose heart 
is a Grothendieck abelian category. It follows from Lurie’s results that one can dehne fac¬ 
torization homology of E 2 -categories either in the setting of dg (or stable 00) categories, or 
in the rehned setting of Grothendieck prestable categories, i.e., keeping track of t-structures. 
For rigid braided tensor categories one can check that our constructions in the discrete set¬ 
ting are compatible with their derived analogues - i.e., our quantum character varieties are 
the hearts of the natural derived quantum character varieties, obtained by integrating the 
dg categories of representations of quantum groups and keeping track of f-structures. (We 
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intend to return to this derived comparison in a later paper.) In particular this implies the 
categories constructed in this paper are in fact abelian - a fact which is evident for the 
categories on punctured surfaces we study in detail. 

Remark 1.2 (Skein Categories). It is interesting to compare factorization homology with 
the theory of skein algebras (see e.g. [RS02, FGOO]). Skein algebras provide a convenient 
graphical calculus for quantizing SL 2 (and more generally SLn) character varieties and con¬ 
structing associated 3-manifold invariants. Our factorization homology construction can be 
viewed as a general formalism extending skein theory to arbitrary braided tensor categories. 
Roughly speaking, an object of a skein category associated to a surface S, a braided tensor 
category A and a presentation of .4, is a conhguration of disks on S, each disk colored with 
a generator of A. Homomorphisms between such objects are dehned by quotienting vector 
spaces of colored tangles, according to “local relations” in A; the result is not typically an 
abelian category. There is an evident functor to the corresponding factorization homology 
category, which provides an abelian co-completion. Factorization homology also enjoys man¬ 
ifest locality and functoriality properties, independence of presentation, good behavior for 
closed as well as open surfaces and a natural (and nontrivial) derived extension, which make 
it readily applicable to problems in geometric representation theory. It would be very inter¬ 
esting to identify our factorization homology construction and the similarly general abstract 
skein theory developed by Walker [Wal]. 

1.3. Detailed overview. We now describe our main results in more detail. 


1.3.1. Punctured surfaces. Our main result. Theorem 5.11, is a concrete computation of the 
quantum character variety of an arbitrary punctured surface S. Recall that the inclusion of 
a disk around a point x G S' in a surface dehnes a localization functor 

Ax : A ^ A, lyi •—t Oji^s 

Js 

from A to the quantum character variety, sending the unit 1^ to the “quantum structure 
sheaf”, the distinguished object ^ fs'^- commutative case A = Rep G localiza¬ 

tion is given by pulling back sheaves under 

and the distinguished object is the structure sheaf Och.^(s) of the classical character stack. 
Unlike the commutative case, however, the quantum character variety does not carry an 
^.-module structure in general. This is the two-dimensional analog of the assertion that 
Hochschild homology A of an associative algebra A carries a trace map from A but has 
no natural R-module structure. 

Our description of quantum character varieties is based on the observation that if we chose 
a boundary point x G dS we do obtain a natural 4,-module structure on fg A. In fact this 
is naturally a braided module category; this is developed and exploited in [BZBJ16]. We 
can then describe the entire category fg A as the category of modules in A for the internal 
endomorphism algebra of the distinguished object, relative to this 4-module structure: 
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Theorem 1.3 (Theorem 5.11). Let Ag := End ^ (0^ t;') denote the internal endomorphism 
algebra ofOji^^s- have an equivalence of categories 

As -mod^ 

Js 

respecting natural actions of the mapping class group of S relative to the boundary. 
Remark 1.4. For A = Rep G, this captures the statement that Chefs') is affine over pt/G. 

The algebra ^45 can be described in completely explicit terms, once one chooses a topo¬ 
logical presentation of the surface. Given some additional combinatorial data, which we call 
a “gluing pattern” P for S (See Figure 1), we dehne an algebra ap in .4, via a “generators 
and relations” presentation. 

Theorem 1.5. Given a gluing pattern P for S there is a canonical isomorphism Ag = ap 
of algebras in A, where 

ap ~ 

where each tensor factor is a sub-algebra, and where cross relations are expressed using the 
braiding on A, according to the data of the gluing pattern P. 

The proof is based on applications of the Barr-Beck monadicity theorem developed in 
Section 3, which allow us to the describe various module categories over a tensor category 
A as categories of modules over an algebra internal to A. 

Geometrically, this explicit presentation is related to the fact that the fundamental group 
of a punctured surface is a free group of rank 2g r — 1. The gluing pattern in particular 
highlights a set of free generators, around which the presentation for the algebra ap is 
organized. We emphasize, however, that in general ap is not simply the braided tensor 
product of copies of the Oi^Afs - this appears only in the case of the many-punctured disk 
- but rather the relations depend in an interesting way on the pattern P: see Section 5. 

The disk, annulus and once-punctured torus each admit a unique gluing pattern; hence 
we will denote these simply by Ann, T‘^\D^, respectively. For higher genus and number 
of punctures, a given surface may admit several distinct gluing patterns; each such gives a 
different presentation for the algebra Ag. 

1.3.2. The case of quantum groups. Our main example will come from hxing a reductive 
algebraic group G, and a Killing form k on 0 = Lie{G). We will consider the balanced 
tensor category A = RepqG: by this notation we will denote either the category of hnite 
dimensional Pq(g)-modules, where Pq( 0 ) is the quantum group associated to 0 and n when 
G is simply connected, or more generally the hnite-index braided tensor subcategory of 
Uq{g) corresponding to G (and determined by its Gartan subgroup) when G is not simply 
connected. We do not recall the a presentation of Ug{g) here; it can be found e.g. in [GP94, 
Section 9.1]). When g is a root of unity, there are several different versions of RepqG one 
may consider, and to which our results apply; see Section 1.4.3). We also make use of the 
ind-completion of RepqG, consisting of locally hnite-dimensional Pq( 0 )-modules. 

When A = RepqG, the algebras ap recover several interesting and well-known construc¬ 
tions in the geometric representation theory of quantum groups: 

( 1 ) For the disk, we have aD 2 = 1 _ 4 , which is just the tautological equivalence A ~ 
1_4 -mod^. 
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(2) For the annulus or cylinder, we have a Ann = 0{A) = Oq(G), the reflection equation 
algebra [DKM03, DM03, DM02b, DM02a]. 

(3) For the punctured torus, we have aT 2 \D 2 = Vq{G), the algebra of quantum differential 
operators on G. This algebra has received a lot of attention in recent years [STS94, 
Ale93, AGS96, BK08, BK06, VVIO, Jor09, Jorl4, BJ14]. 

(4) More generally, the moduli algebras of Alekseev [Ale93], [AGS96] can be recovered 
as algebras ap associated to certain gluing patterns for higher genus surfaces. 

In particular, it should be emphasized that the algebras ap have explicit generators-and- 
relations presentations, PBW bases, and interesting representation theory related to the 
symplectic geometry of the classical character variety. These features are not typical of 
factorization homology in general, but emerge from the representation theoretic framework. 

On the topological side, the reflection equation algebra, quantum differential operator al¬ 
gebra, and moduli algebras all admit interesting actions of mapping class groups of their 
associated surfaces, and can moreover be used to produce representations as in of the as¬ 
sociated surface braid groups [Jor09, BJ14], extending Reshetikhin and Turaev’s construc¬ 
tions [RT90]. Whereas these topological structures have historically been themselves con¬ 
structed via generators-and-relations comparison, they now follow naturally from the topo¬ 
logical framework of factorization homology. This is an important distinction if one wants 
to produce topological invariants and categorical structures from these constructions - the 
categories and distinguished objects associated to surfaces are functorial, but the particular 
presentations are not. 

1.3.3. Quantization of character varieties. Let S' be a surface. We let denote the 

affine variety 

IHG(^) = {p:vri(A)-^G} 

of homomorphisms from the fundamental group of S to the group G. Equivalently, ^g{S) is 
the moduli space of local systems equipped with a trivialization at a fixed point. Thus sheaves 
on Chg(S) are given by modules over the corresponding algebra of global functions as an ob¬ 
ject in QG{pt/G) = Rep G, while sheaves on D\g{S) are recovered by de-equivariantization. 
We denote by GhG(S') the G-character variety (not stack), that is the affine categorical 
quotient 

ChG{S):=y\G{S)//G 

by the natural adjoint action of G, to distinguish it from the character stack Chg(S). The 
space GhG(S) carries a canonical Poisson structure originally due to Atiyah-Bott [AB83] 
and Goldman [Gol84]. A discrete, combinatorial construction of this structure was given 
by Fock-Rosly [FR99] using classical r-matrices. They construct a Poisson structure on the 
representation variety itself, which depends on the choice of a representation of S' as a 

so-called ciliated graph. When A is the category of modules over the formal quantum group 
Uti{g) and P is a gluing pattern for S', the algebra ap is a flat deformation of the algebra 
of functions on the representation variety fHG(S'). By regarding a gluing pattern P for S' 
as a ciliated graph with only one vertex, the Fock-Rosly construction determines a Poisson 
structure on 93^(S'). 

Fock-Rosly’s construction was partly inspired by the work of Semenov-Tian-Shansky [STS94] 
who introduced a certain dual Poisson structure on G, characterized by a classical version of 
the reflection equation, and a Poisson structure on G x G (the classical Heisenberg double) 


thought as a Poisson-Lie version of the cotangent bundle T*G. He also constructed quanti¬ 
zation of those structures. The relation between those Poisson structures and Che (S') was 
already noticed in [AM95]. 

Quantizations of ChG(*S') were then obtained in [Ale93, AGS96] by, roughly, replacing clas¬ 
sical r-matrices by quantum /^-matrices, hence giving an FRT-like (in the sense of [FRT90]) 
presentation of the sought quantization. We prove the following: 

Theorem 1.6. The algebra ap is a quantization of the Fock-Rosly Poisson structure on 
91g(S') associated with P. Its Ufi{g)-invariant part is independent of P, and is a quantization 
of the canonical Poisson structure on Che(S'). 

For suitable choices of gluing pattern P, our quantizations recover Alekseev’s algebras. 
Actions of the mapping class group of the underlying surface on quantizations of character 
varieties are constructed in [AS96] directly via generators and relations. In our approach 
this is rather a by-product of their topological dehnition via factorization homology. 

1.4. Outlook. Here we collect several remarks pertaining to further directions of study 
springing from the current work. 

1.4.1. Computations in closed surfaces. In the tandem paper [BZBJ16], we extend the present 

techniques to the setting of closed, and possibly marked, surfaces. The key technical difficulty 
there is that, while punctured surfaces can be glued from disks along boundary intervals, 
closed surfaces require gluing along boundary annuli as well. In particular, in order to un¬ 
derstand the algebraic data involved in sealing up punctures, or gluing in marked points, we 
need a convenient monadic framework for working with module categories over the factor¬ 
ization homology, of the annulus. This is accomplished via the theory of quantum 

moment maps and quantum Hamiltonian reduction. 

1.4.2. Four-dimensional topological field theory. Factorization homology fits naturally into 
the language of extended topological field theory and the cobordism hypothesis [Lur09, CS]. 
This connection is motivational, but not technically necessary for our paper, so we will be 
informal in our treatment. 

The Cobordism Hypothesis proved by Lurie [Lur09] establishes that fully extended n- 
dimensional topological field theories are functorially determined by the invariant assigned 
to an n-disk, an object of a higher category with suitable finiteness conditions. An important 
and accessible special case is provided by the theory^ of i?n-algebras, i.e., algebras over the 
little n-disks operad, which automatically satisfy the finiteness conditions necessary to define 
invariants of manifolds of dimension at most n [Lur09, CS]. In this setting the invariants are 
given by factorization homology. 

The factorization homology of a balanced tensor category A over surfaces forms the 
(0,l,2)-dimensional part of a 4-dimensional oriented topological field theory - equivalently, 
a category-valued 2-dimensional topological field theory. To a closed surface we attach the 
category f^A. To a 1-manifold M we attach the 2-category J^^^jjj.4,-mod. Thus for a surface 
with collared boundary we have an object in the 2-category attached to the boundary: 

A e i Aj -mod 

Js \JasxR ) 

^More precisely, the Morita theory, where iiln-algebras in a fc-category form an n-|-A:-category, generalizing 
the familiar Morita theory of associative algebras for n = 1. 
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and the sewing property above provides the composition strnctnre for the topological held 
theory. More generally we obtain invariants for snrfaces with bonndary components marked 
by module categories for Finally to a point we attach the 3-category M-mod-mod 

of M-linear two-categories (module categories for the monoidal 2-category of M-module cate¬ 
gories), which corresponds to A under the natural embedding of the Morita theory of braided 
categories into the 4-category of 3-categories. 

While the computations in the present paper and [BZBJ16] are restricted to dimension 
2, it is expected that the topological held theory dehned by A extends to dimension three. 
This involves showing that a rigid braided tensor category A dehnes a 3-dualizable object 
in the Morita 4-category of F^ 2 -algebras in Rex (see [JFS15], [Haul4] for constructions of 
higher Morita categories), and that a ribbon structure gives rise to a homotopy hxed point 
structure for the induced S'0(3)-action. This is the subject of work in progress with N. 
Snyder. 


1.4.3. Roots of unity. The techniques developed in this paper apply to arbitrary braided 
tensor categories. In particular, when we consider RepqG, for q a root of unity, there are 
four distinct settings in which we can work. The De Concini-Kac quantum group U^^{g) 
arises from directly specializing q in Serre’s presentation for the quantum group [DCK90]. 
The resulting algebra has a large center, over which it decomposes (etale-locally) as a direct 
sum of matrix algebras. The small quantum group, UqQ appears as a quotient of at 

a certain central character [Lus90]; while Uq{g) does not admit an i?-matrix [LN15], certain 
hnite-degree extensions of it do. There is Lusztig’s restricted quantum group bT®^(0), which 
includes divided powers of Serre generators Ei and Fi, whose category of representations 
give a braided tensor category. Finally, there is the braided tensor subcategory of tilting 
modules [APK91] for LT®^(g), and its quotient by negligible morphisms, the modular tensor 
category Aiq of Reshetikhin-Turaev theory [RT91]. The four-dimensional TFT dehned by 
Aiq has already been studied by Crane-Kauffman-Yetter [CKY97], but the others appear 
not to have received the same attention. It should be very interesting to compare the 
constructions in the present paper in each of the different root of unity settings outlined 
above. 


1.4.4. Betti Geometric Langlands. An important motivation for this series of papers is the 
formulation of a Betti form of the quantum geometric Langlands conjecture. The spectral 
side of the Betti Geometric Langlands Conjecture [BZN16] replaces coherent sheaves on the 
de Rham space of hat G-connections on an algebraic curve X [AG 14] by coherent sheaves 
on the Betti space, the character variety Ch^fR) of the underlying topological surface. The 
quantization of the de Rham category is constructed using representations of affine Kac- 
Moody algebras ~ in particular through the localization functor studied by Beilinson-Drinfeld 
from LG^-integrable g-modules to twisted P-modules on Bunc{X) (depending on a point 
X & X). Likewise the quantization of the Betti categories is constructed in this paper by 
assembling the localization functors A^, {x G S) from representations of quantum groups. 
The quantum analog of the Riemann-Hilbert correspondence is provided by the Kazhdan- 
Lusztig equivalence between the two representation categories. We summarize the situation 
in the following diagram, where dotted arrows indicate equivalences after analytihcation: 
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Repq G 


— -^ / RepqG >^GiS) 


KL 


IS 
q-RH 


RH 


(0-modfc)^‘^+ -^^'Dk{BunGiX)) ConnG{X) 


The quantum Betti conjecture [BZN16] relates the categories constructed in this paper 
with twisted sheaves with nilpotent singular support on BunG'^{X). This conjecture is 
motivated in turn by the work of Kapustin-Witten [KW07], in which Langlands duality 
is related to electric-magnetic S-duality in 4-dimensional topological held theory (A/" = 4 
supersymmetric Yang-Mills theory in the GL twist). The topological held theory constructed 
in this paper using factorization homology is an algebraic model for this topological held 
theory (in contrast with the de Rham version which is not topological). 

S-duality is also expected to have another analytic (though not algebraic) manifestation, 
as a duality between quantum character varieties for Langlands dual groups at dual levels 
(roughly q = and q'^ = This is a manifestation of the celebrated but mys¬ 

terious modular invariance in representation theory of quantum groups: certain aspects of 
the representation theory of Uqg depend naturally not on q but only on the corresponding 
elliptic curve. This modularity is expressed by Faddeev’s modular double [FadOO] and many 
subsequent works (see for example [TV14, FI14] and references therein) and the Langlands 
duality for quantized cluster varieties of [FG09]. 


1.4.5. The KZ category. The Poisson structure on character varieties can also be obtained 
by an appropriate reduction of a certain quasi-Poisson structure on DIg{S) introduced 
in [AKSM02]. This construction was extended and somewhat simplihed in [LBS 13] and 
quantized by the same authors in [LBS14]. The quantization of such a quasi-Poisson struc¬ 
ture is an algebra internal to the Drinfeld braided tensor category constructed from Rep G 
using a Drinfeld associator. While the introduction of associators makes the quantizations of 
[LBS14] somewhat less explicit than the moduli algebras of [Ale93], the role of braided tensor 
categories is made conceptually clearer. We note in particular that the “fusion” procedure 
of [LBS14] is very similar to the construction of ap in Section 5, from copies of 0{A). 

We thus conjecture that their construction agrees with ours when A is the Drinfeld cat¬ 
egory. This would imply in particular that the algebras they obtain are related to those of 
Alekseev-Grosse-Schomerus by the Kohno-Drinfeld equivalence. We also expect the repre¬ 
sentations of surface braid groups obtained from factorization homology with coefficients in 
the Drinfeld category to coincide with those coming from the monodromy of the KZB equa¬ 
tions [GEE09, Enrl4]. This would give an explicit computation of the latter using quantum 
groups. 
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2. Factorization homology 

We review factorization homology following [AFT14, AF12] to which we refer for details; 
see also [Ginl4] for a survey of the theory. In this paper we focus on factorization homology 
over compact surfaces with boundaries. However we will also need to compute factorization 
homology on simple examples of manifolds with corners, i.e. 2-dimensional (paracompact 
Hausdorff) topological spaces locally modeled on M>q x Those are particular examples 

of stratihed manifolds, on which factorization homology is well-dehned thanks to [AFT14]. 

2.1. Basic definitions. Let Mfld^^ (resp. Mfld^^) be the (cx), 1) category whose objects are 
framed (resp. oriented) 2-dimensional manifolds with corners, and morphisms between man¬ 
ifolds M, N is the oo-groupoid Emb{M, N) of embeddings respecting the framing (resp. the 
orientation). Hence 1-morphisms are smooth embeddings, 2-morphisms are paths between 
embeddings (i.e. isotopies), 3-morphisms are homotopies between those and so on. The 
disjoint union turns those categories into symmetric monoidal categories. Let Disk| (resp. 
Diskg^^) denote the full subcategory generated under disjoint union by the disks x 
0 < k < 2 equipped with their standard framing (resp. orientation). We dehne similarly 
Diskl'^ and Disk^^, as the categories generated by M^. Fix an (oo, l)-symmetric monoidal 
category (C, Kl). 

Definition 2.1. A Disk^^ -algebra in C, for s G {/r, or}, B G {0,9}, is a symmetric 
monoidal functor from Disk^ ^ to C. 

Remark 2.2. A Diskj^-algebra (or rather the image of M^) is usually called an i72-algebra, 
or algebra over the little disk operad. Similarly a Disk^^-algebra is an algebra over the 
framed little disk operad. A Diskj^ ^-algebra is equivalent to the data of a triple of objects 
{A, A4,Af), the image of the triple 

(M^,R X R>o,M>o), 

where A is an i72-algebra and Ai,Af are M-modules satisfying several conditions (e.g. the 
pair (M, A4) is an algebra over the Swiss-Gheese operad [Vor99]). In this paper we focus to 
the particular case Ai = Af = A, i.e. all disks are sent to the same category regardless of 
their manifold with corner structure. 

We now assume following [AF12], [Lur09] that C is cocomplete and that for every c G C, 
the functor c®— commutes with small colimits. In this setting the following colimit uniquely 
dehnes the factorization homology with coefficients in an i72-algebra A G C: 
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Definition 2.3 ([AF12, Lur]). Factorization homology with coefficients in an E 2 (resp. 
Disk 2 ) algebra .4, G C is the left Kan extension of the above symmetric monoidal functor 
with respect to the inclusion 

Disk^ ^ ^ Mfld^ 

where s G {/r, or}, which will be denoted by 

[ A. 

J M 

Let y be a 1-dimensional manifold with corners. Set = Y x M>o and Y~ = Y x M<o. 
Then Y^ are (framed, oriented) manifolds with corners. If are manifolds with corners 
and 

^ 

are framing (resp. orientation) preserving smooth embeddings such that 

A{Y^ X {0}) C dx^, 

then the gluing of along K is a well defined (framed, oriented) manifold with corner. 
One of the main properties of factorization homology is the following: 


Theorem 2.4. Let A he an E 2 (resp. framed E 2 ) algebra in C. Then the functor /(_) *4 
satisfies, and is characterized, by the following properties: 

• If U is contractible, then there is an eguivalence of categories 


.4 ~ .4. 


'u 


• A homeomorphism U = P xM., for a 1-dimensional manifold with corners P, eguips 
fijA with a canonical monoidal (Ei) structure (from inclusions of intervals inside a 
larger interval). 

• Let U = X~ U X~^ be a collar gluing of X^ along a codimension 1 sub-manifold P 

PxR 

with a choice of a trivialization N = P xM. of a tubular neighborhood N of P. Then 
fx± ^ left and right Jy^^^A-modules respectively, and there is an eguivalence of 
categories 

[ A - [ Am [ A. 

Ju J X- !yx-s.-^Jx+ 


Remark 2.5. Along the lines of Remark 2.2, in the particular case considered in this paper, 
jyj A depends only on the manifold with boundary underlying M, not of its manifold with 
corners structure. This will allow us to see surfaces with circle boundaries as being obtained 
by gluing closed disks whose boundary is divided into several intervals, and then smoothing 
the remaining corners. 


Remark 2.6. Let S' be a surface with, say, a single, circular boundary, and let S be the 
manifold with corners obtained by subdividing the boundary of S into n intervals. Then, 
providing that the framings match, or that A is balanced, f^A has a natural structure of a 
module over 


.4-.4' 






13 


On the other hand, fgA is naturally a ^-module. By the previous remark, we have 
an equivalence of categories 

[a. [a. 

Js Js 

hence the marking induces an ^^"^-module on fg A as well. It is easily seen that this module 
structure is isomorphic to the one obtained via the composition 

A^"^A^ f A 

Js'^xR 

2.2. Pointed Structure. An important additional feature of factorization homology is that 
it is a pointed theory: the invariant assigned to an n-manifold M by an ii^„-algebra comes 
equipped with a canonical morphism from the unit of the target category C, constructed 
as follows. Let 0 be the empty manifold. As 0 is the unit for the disjoint union, we have 
f^A = Ic- Moreover, 0 is an initial object in Mfldo^/y^; for any manifold M, there is a 
unique embedding: 

0 M. 

Its image through factorization homology provides a distinguished morphism 

Ic / A 

J M 

In the case that C is itself some collection of linear categories (as in the next section), we 
have that M is a category, Ic is a category of vector spaces, so that this pointed structure 
produces a distinguished object in it, denoted the image of the one-dimensional vector 

space. Distinguished objects play a key role in our main result, so we will detail some of 
their properties in Section 5.1. 


3. Categorical settings 

We now describe the categorical setting in which we will operate. It is important for 
constructions such as factorization homology to work in an ambient category (or cxo-category) 
with enough colimits and a symmetric monoidal structure preserving those colimits. We will 
largely work in the “discrete” setting of 1-categories, so that only a passing knowledge of 
oo-categories is necessary to read the paper. However, we must address the existence of 
co-limits in various 2-categories of categories. We then recall the basic notions of tensor 
categories, braided tensor categories, module categories, etc. 

It is known that the familiar setting Ab of small k-linear abelian categories does not 
possess these features, since the Deligne tensor product of abelian categories is no longer 
abelian in general [LF12]. In this section we will recall three convenient categorical settings 
where this framework is well-dehned, and discuss the compatibility between them. We will 
consider the following 2-categories: 

• Rex, of hnitely co-complete k-linear categories with right exact functors, 

• PR, of presentable k-linear categories with cocontinuous functors, 

• Pr, of compactly generated presentable categories with compact and cocontinuous 
functors (also known as locally hnitely presentable, LFPk). 
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We also mention the related setting of Grothendieck abelian categories (which are in partic¬ 
ular presentable), see Remark 1.1. As motivating examples, categories of hnite-dimensional 
(or alternatively, hnitely presented) modules over a k-algebra, as well as hnite dimensional 
representations of an algebraic group are Rex, categories of all modules over an k-algebra 
are Pr and Grothendieck. Likewise coherent sheaves on varieties or stacks are Rex while 
quasi-coherent sheaves are Pr and Grothendieck. 

Terminology. By a 2-category we will always mean a (non-strict) (2, l)-category, in other 
words, we will not use any non-invertible 2-morphisms. Equivalently, this means an (cxo, 1)- 
category with 1-truncated mapping spaces. We suppress set theoretic issues — in particular 
all colimits will be small without further comment. 

A category is k-linear if it is enriched over the category of k-vector spaces (note there 
are no hniteness assumptions on Homs or lengths of objects). We will always work with 
categories enriched over some held k, usually k = C, and without further comment except 
when technically necessarily. 


3.1. An equivalence between Rex and Pr. Recall that a category is presentable (also 
known as locally presentable) if it is accessible (generated under colimits by a small sub¬ 
category) and cocomplete (closed under small colimits - in fact this implies it is complete 
as well). We denote by PR the 2-category of presentable k-linear categories with colimit 
preserving (aka cocontinuous) functors and natural isomorphisms. 

Presentable categories provide a very hexible setting for algebra: tensor products of pre¬ 
sentable categories are again presentable; so are colimits of presentable categories; the adjoint 
functor theorem provides right adjoints to colimit preserving functors, to which we can then 
apply techniques such as Barr-Beck monadicity to describe categories explicitly as categories 
of (co)modules. In practice the presentable categories we encounter on punctured surfaces 
will all be (Grothendieck) abelian categories. (See also Remark 1.1.) 

Recall that an object c G C is compact if Hom{c,—) preserves hltered colimits, and a 
category C is said to be compactly generated if any object is a hltered colimit of compact 
objects (equivalently, we can write C = indCc as the ind-category of its full subcategory of 
compact objects). We denote by Pr C PR the subcategory of compactly generated k-linear 
presentable categories and compact functors, i.e., functors preserving compact objects or 
equivalently (by the adjoint functor theorem) possessing right adjoints preserving hltered 
colimits. 

A category is finitely co-complete if it admits hnite colimits. We let Rex denote the 
2-category of essentially small hnitely cocomplete categories with morphisms right exact 
functors (i.e. functors preserving hnite co-limits) and natural isomorphisms. (Recall that a 
category is essentially small if it is equivalent to a small category.) Note that since abelian 
categories are hnitely cocomplete, there’s a full subcategory of Rex consisting of small 
abelian categories, with right exact functors. 

Given a Rex category C, we may consider its ind-completion ind(C) G PR, which will be 
Pr by construction. Given a Rex functor F : C —)■ P, we may consider the ind-extension 
indF : ind(C) —)■ ind(R), which will be co-continuous and compact, i.e., will preserve the 
subcategory of compact objects. Gonversely, given a presentable category C G PR, we may 
consider its subcategory comp(C) of compact objects, an object of Rex. Restricting then to 
compactly generated categories and compact functors, we hnd the operations ind and comp 
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define an equivalence 


ind : Rex ~ > Pr : comp . 

It is convenient to go back and forth between the concrete setting of small categories Rex 
and the flexible setting of presentable ones PR: the monadic techniques we will develop 
take Rex categories as output, but most naturally produce concrete descriptions of their 
ind-completions in PR. Thanks to the above equivalence, we will move between the settings 
interchangeably. 

Remark 3.1. We will adopt the usual convention of referring to objects in indC for a Rex 
category C as ind-objects in C. For instance, an ind-algebra in a monoidal category C really 
means an algebra object in indC with respect to the co-continuous extension of the monoidal 
structure. 

We also record here the following proposition, which was explained to us by Daniel Schappi: 

Proposition 3.2. .■ If C is an abelian category and T is a right exact monad on C, then 
V := T — mode is abelian. 

Proof. The forgetful functor D —)■ C creates all limits that exist in C (for any monad), 
in particular hnite ones, and all hnite colimits (since T preserves hnite colimits). Since 
the forgetful functor is also conservative and C is abelian, it follows that the comparison 
morphism 

coker{ker{f)) —> ker{coker{f)) 

is an isomorphism in P, hence V is abelian. □ 

3.2. The Deligne-Kelly tensor product. For k-linear categories C,V,S, let Bilin(C x 
T>,S) denote the category of k-bilinear functors from C xV to S, preserving hnite colimits 
in each variable separately. 

Definition 3.3. The Deligne-Kelly tensor product C Kl P of C, P G Rex is uniquely charac¬ 
terized by the natural equivalences, 

Rex[C Kl D, T] ~ Bilin(C x V,S) cx Rex[C, Rex[P, 8\\. 

In [Kel89], it is shown that Kelly tensor product equips Rex with the structure of a 
symmetric closed monoidal (2,l)-category, which we denote Rex^. The Kelly tensor product 
extends to Pr, where it is characterized by the analogous universal property (with respect 
to functors preserving colimits in both factors), and the functor ind extends to a symmetric 
monoidal equivalence Rex^ ~ Pr^. 

Remark 3.4. It is shown in [LF12] that the Deligne tensor product of abelian categories - 
when it exists - coincides with the Kelly tensor product, but that the former may not exist 
in general. This, essentially, is the reason to work with Rex and Pr, rather than Ab. 

Proposition 3.5. The symmetric monoidal oo-category Rex® ~ Pr® is closed under small 
colimits, and the tensor product preserves colimits in each factor separately. 

Proof. In [BKP89] it is shown that Rex (equivalently. Lex) is the category of 2-modules 
in Cat of a finitary 2-monad T, and as such is closed under arbitrary bicolimits. Because 
Rex® is closed monoidal, the functor C Kl — has a right adjoint, and therefore commutes 
with arbitrary colimits. □ 
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In particular it follows that Rex ~ Pr satisfies the conditions (*) of [AF12] for the 
dehnition of factorization homology (for which a much smaller class of colimits is required, 
namely the sifted ones). 

3.3. Tensor and braided tensor categories. It is well known that Ei-, E 2 - and framed 
T' 2 -algebras, respectively, in Cat^ are equivalent to monoidal, braided monoidal and bal¬ 
anced braided monoidal categories. In this section we consider the k-linear analogs of these 
structures, as well as the corresponding notion of rigidity (for a general introduction to rigid 
tensor categories, see e.g. [EGN015]). 

Definition 3.6. A tensor category in Pr is an Ei-algebra A in Pr. Similarly a braided 
tensor category in Pr is an E 2 -algebra in Pr. 

This dehnition is a compact formulation of the traditional notions of tensor and braided 
tensor categories. Since Pr is a 2-category, the data of an Ei-algebra consists of a category, 
a functor of tensor product, and an associator natural isomorphism, which satishes the so- 
called “pentagon equation”. We will follow the usual convention of dropping explicit mention 
of associators in formulas, for clarity of exposition. 

We will from here forward moreover assume that our tensor categories and braided tensor 
categories are rigid: 

Definition 3.7. A tensor category A is rigid if all compact objects of A are left and right 
dualizable. A braided tensor category is rigid if its underlying Ei-algebra is rigid. 

For later use, we note here that the braiding on a braided tensor category A endows the 
iterated tensor functors, 

-.A^ ^ A, 

Oi Kl ■ ■ ■ Kl Ofc —)■ Oi (8) • • • ® Ofc, 

with the structure of a tensor functor, via the following “shuffle” braiding: 

(3.1) Ja,b ; ai 0 • • • <8) a*: <8) 0 • • • <8) A- oi (8 61 0 • • • ® Ofc (8 

Remark 3.8. In order to define a Disfc^^-algebra in Rex, we require A to be equipped 
with a balancing. It is well-known [Selll] that, having already assumed A is rigid, this is 
equivalent to equipping A with a pivotal structure. 

Definition 3.9. A tensor functor E : A ^ B is called dominant if every object of B appears 
as a sub-object (equivalently using rigidity, quotient) of an object in the image of E. 

Remark 3.10. Note that, by Lemma 2.1 of [BNll], a tensor functor E : A^ B is dominant 
if, and only if, E^ is faithful, i.e. B should be generated under colimits by the image of A. 

Definition 3.11. Let .4, be a tensor category in Pr. 

(1) A (right) ^.-module category M. for a tensor category A in Pr is a category M. G Pr, 
together with an action functor, 

actM '■ M.M A ^ M, 

m X I—)■ m 0 X, 
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satisfying standard associativity (pentagon) axioms. A left module category is defined 
similarly^. 

(2) An {A, i3)-bimodule category for tensor categories A and B is, equivalently, a right 
module category for A®~°'^ MB oi a. left module category for A Kl B®~°'^. 

(3) For m E Ai, we denote by act^ the action functor, 

actm : A^ M 

a eE- m ® a. 

This functor has a right adjoint, 

act^ : Ai ^ A. 

(4) We denote by End^(m) := act^(m) = act^(actm(l)) the internal endomorphism 
algebra ofm, which carries a natural algebra structure. 

Proposition 3.12. Let A be rigid, A4 and M A-module Pr categories, and F : A4 ^ J\f an 
A-module Pr functor admitting a right (respectively left) adjoint as a plain functor. Then 
the adjoint admits a canonical A-linear structure. 

Proof. The assertion appears as Corollary 2.13 of [DSPS14] (and as an exercise to the reader 
in [EO04, 3.3]); see also [BZN09, Lemma 3.5] in the dg setting. The adjoint is automatically 
(op)lax monoidal, and one shows it is in fact strict by writing objects of A as hltered colimits 
of compact, hence dualizable, objects which can be moved across the adjunction. □ 

Definition 3.13 (See [Ost03, DSPS13]). Let A be an abelian tensor category in Pr with 
abelian module category Ad G Pr. We say that m G A4 is: 

(1) An A-generator, if act^ is faithful. 

(2) A-projective if act^ is colimit-preserving.® 

(3) An A-progenerator, or progenerator for the .A-action, if it is an ^.-projective A- 
generator. 

Proposition 3.14. Let A be a rigid tensor category in Pr. Then the tensor product functor 
T ■. AM A ^ A has a co-continuous right adjoint. 

Proof. Since A is rigid, the right adjoint is an A. Kl A.®“°^-module functor. Hence for any 
X G .A, 

pR^X) = T^((X K 1^) (g) 1^) = (X K 1^) (g) T^{1a). 

Since the tensor product of AMA^~°^ is cocontinuous in each variable, T^ is cocontinuous. 

□ 

Proposition 3.15. Let A be a rigid tensor category, and Ai a right A-module. Then the 
action functor 

act ; At A, ^ At 

has a cocontinuous right adjoint. 

^Henceforth, “module category” will connote “right module category” 

®We note that this is equivalent to asking that act^ preserves finite colimits, since by construction act^ 
preserves filtered colimits. 
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Proof. The proposition and its proof carry over without modihcation from the corresponding 
assertion in the dg category setting, Proposition D.2.2 of [GailS]. Namely one can write 
down explicitly a cocontinuous right adjoint act^ and its adjunction data. The functor act^ 
is given as a composition 


M 




^M^A- 






act 


-^M^A 


of cocontinuous functors, hence is cocontinuous. □ 

Definition 3.16. Let be right and left module categories for a tensor category A, 

and let S G Pr. Recall that F : Ai ^ Af ^ S is called A-balanced when equipped with 
natural isomorphisms, 

Bm,x,n ■ F{m 0 X Kl n) = F{m Kl X 0 n), 

for m G Ai,X E A,n E Af, satisfying certain coherences (see [ENOlO], Definition 3.1). We 
denote by Bal^(M K X, the category of balanced functors. 

Definition 3.17. The relative Kelly tensor product Ad Kl _4 Af of left and right module 
categories Ad and Af for a tensor category A is dehned, uniquely®, by the natural equivalence: 

Pr[M Af, 8] ~ BaU(Xf mAf,8). 

Existence of relative tensor products in Pr^ is an easy consequence of existence of Kelly 
tensor products, and closure of Pr® under colimits. (See [DSPS14] for an explicit study of 
balanced tensor products.) 

Remark 3.18. One might instead dehne the relative tensor product as the colimit of the 
inhnite 2-sided bar construction for AA and Af. It is not hard to show, along the lines 
of MacLane’s coherence theorem, that the resulting colimit is equivalent to the balanced 
tensor product dehned above: essentially, because Pr is only a 2-category, the inhnite bar 
construction strictihes after the second step. 

Proposition 3.19. Let A be a rigid tensor category in Pr, and let AA,Af be module cate¬ 
gories. Then the right adjoint of the canonical functor 

fi : AA Kl Af —y AA Af 

is monadic. 


Proof. Recall that AA Af can be realized as the colimit in PR of the simplicial diagram 
given by the two-sided bar construction, where the simplices are iterated tensor products AIKI 
^ ■ lEl ^ Kl Af. Such a colimit of presentable categories with left adjoints can be calculated 

as the limit in the opposite oo-category PR^ of presentable categories with right adjoints 
over the corresponding cosimplicial diagram of right adjoints. By Propositions 3.14 and 3.15, 
all functors appearing in the two-sided bar construction have cocontinuous right adjoints, 
so that we are in fact calculating a limit over a cosimplicial diagram in PR. In particular 
it follows that /i^ is itself a morphism in PR, i.e., cocontinuous (as well as continuous by 
virtue of being a right adjoint). The limit in turn is identihed with the corresponding limit 
in the 2 -category of categories, i.e., with the category of compatible collections of objects in 
the cosimplices. However forgetting from compatible collections to objects of the 0-th term 

®up to a contractible choice of equivalences 
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is a conservative functor: a map of compatible collections (whose objects are determined 
by the 0-th term) is an isomorphism if and only if it is so on the 0-th term. Thus /i^ is 
continuous, cocontinuous and conservative, and thus monadic. □ 

Corollary 3.20. If A,M. and M are moreover abelian then so is Ai Kl _4 A/". 

Proof. Since we are working with compact functors, the monad from the proposition is itself 
colimit preserving. Thus Proposition 3.2 applies, and when A,A4 and Af are abelian so is 
Ad 7^. □ 

4. Barr-Beck reconstruction of module categories 

A key tool in our computation is the well-known yoga of monads (= unital algebra objects 
in categories of endofunctors); in particular, monads arising from adjunctions of tensor func¬ 
tors and module functors. Many of these results are straightforward extensions to Pr of the 
work of Ostrik [Ost03, EO04], in the setting of fusion categories, and [DSPS13] for general 
hnite abelian categories; we are grateful to Ostrik and Snyder for many explanations. 

We begin by recalling Beck’s monadicity theorem. Let (L, i?) : C ^ P be an adjoint pair 

R 

of functors. The composition T = Ro L is naturally a monad on C via the adjunction unit 
and counit, 

r] : idc Ro L, m\ RoLoRoL Ro L. 

Definition 4.1. We denote by T -mode the category of T-modules'^ in C: objects are pairs 
(X, /) of an object X E C, and a morphism / : T(X) —X; morphisms from (X, /) to (Y, g) 
are those h \ X making the obvious diagram commute. 

We obtain a functor, R : R ^ T — mode, sending A eR to R{A) E C, with its canonical 
T-action: 

act :RoLoR{A) R{A). 

Theorem 4.2 (Barr-Beck theorem). The functor R is an eguivalence if, and only if: 

• R is conservative/reflects isomorphism, i.e. R{X) = R(Y) X = Y. 

• R has coegualizers of R-split parallel pairs (those parallel pairs of morphisms in R, 
which R sends to pairs having a split coegualizer in C), and R preserves those co¬ 
egualizers. 

Lemma 4.3. Suppose that R is abelian. Then R is conservative if, and only if, for any X 
with R{X) = 0 we have X = 0. 

Proof. Suppose we have f : X ^ Y , and that R{f) an isomorphism. Since R is right exact 
(in fact cocontinuous) it preserves hnite colimits, and since i? is a right adjoint, it preserves 
arbitrary limits; hence i?(ker /) = ker R{f) = 0 and i?(coker /) = coker R{f) = 0, hence 
ker / and coker / are zero, hence / is an isomorphism. □ 

Remark 4.4. We note that without the abelian assumption, this only gives us that / is 
monic and epic. Thus to check conservativity of functors in what follows, it will be extremely 
useful to know the categories involved are abelian - in particular balanced - so that monic 
and epic maps are isomorphisms. 

'^These are sometimes called T-algebras, instead of T-modules. 
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Theorem 4.5 (Monadicity for module categories). Let A be a rigid abelian tensor category 
in Pr, and let M G Pr be an abelian A-module category with an A-progenerator m E A4. 
Then we have an eguivalence of A-module categories, 

A4 ~ End(m) -mod^, 

where A acts on the right by multiplication. 

Proof. We apply Theorem 4.2 to the functor act;^ : A ^ M.. We need to check that the right 
adjoint act^ is conservative and co-continuous, which is precisely the assumption that m is a 
pro-generator. Hence act^ is monadic. Because A is rigid, act^ carries a canonical module 
structure, so that the monad act^ o actm is a module functor, and can therefore be identified 
with the functor of tensoring with the algebra object act^ o actm(lyi) = End(m). □ 

Remark 4.6. Note that a right .A-module category with an A.-progenerator is identified 
with the category of /e/t-modules for the internal endomorphism algebra, and vice versa. 

There are two senses in which the construction of internal endomorphism algebras is 
functorial: with respect to ^.-module functors, and with respect to base change along a 
dominant tensor functor F : A -E B. 

Theorem 4.7 (Functoriality of monads). Let M and M be A-module categories in Pr, F : 
Ai ^ Af an A-module functor, and let m E Ai. Then we have a canonical homomorphism 
of algebras, 

Pf ■ End ^ fm) —)■ End ^ fFfm)), 

Proof. We have the following commutative diagram of functors: 



Hence, we define: 

pF : End(m) = act^ o actm(l) act^ oF^ o F o actm(l) 

= actf(^) oactF(m)(l) = End(F(m)). 

It is straightforward to see that F is compatible with monadic composition, so defines an 
algebra homomorphism. □ 

Corollary 4.8. Suppose thatm is an A-progenerator for Al, andF{m) is an A-progenerator 
for M, so that we have eguivalences. 

At ~ End(m) -mod^, Af ~ End (F(m)) -mod^ . 

Then F is naturally isomorphic to the pull-back functor along pf. 
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Theorem 4.9 (Monadicity for relative tensor products). Let A be a tensor eategory, and 
let Ai, AT be right and left A-module abelian eategories, respeetively, with A-progenerators 
m E Ai and n G Af. Then we have eguivalences of eategories: 

Ad Af ~ End(m) -mod^^ ~ (End(nr)-End(n)) -bimod^ . 

Proof. To begin, we construct a Rex functor, G : AA^Af ^ Af, 

m' ^n' ^ Hpm(m, m') 0 m'. 

We note that G carries an evident balancing, G{{m' (8) a) Kl n') = G{m' Kl (a 0 n'))\ 
F(Hom(m, m! 0 a)) 0 n = F(Hpm(m, m') 0 a) 0n = F(Hpm(m, m')) 0 F{a) 0 n . 
This balancing therefore dehnes an Pr functor, 

Ga - AA^j^Af ^ Af. 

Moreover Gj, carries an action of End(m): 

End(m) 0 Hpm(m, m') 0 a 0n' = End(m) 0 Hom(m, m') 0 a0n' ^ 

—)■ F(Hom(m, m') 0 a) 0 n'. 

It can easily be checked that n' ^ m n' dehnes a left adjoint G^ to G_ 4 , and that 
GaGa^'^') — End(m) 0 n'. 

Lemma 4.10. The functor G^ is conservative. 

Proof. We use the abelian property. For this, we note that G_a factors as a composition, 

AiMA^f^ Funj^{A4°PP, Af) ^ Af, 

where the hrst map is an equivalence using the fact that AA is dualizable as an M-module, 
and the underlying category of the M-dual is its Pr dual - i.e., the Pr category with category 
of compact objects the opposite to the Rex category of compact objects in AA. (See [GailS, 
D.5], [BZN09, 2.9] or [DSPS13, 3.4.9].) The second map is conservative by the assumption 
that m is an M-generator: an M-functor vanishing on m must vanish identically. Hence G^ 
is conservative as well. □ 

Hence to conclude the proof of Theorem 4.9, we may apply Theorem 4.2 to identify AA^ji,Af 
with the category of End(m)-modules in Af. The second equivalence in the theorem is the 
observation that, for algebras A and B, an H-R-bimodule is simply a left H-module in the 
category of right R-modules. □ 

Corollary 4.11 (Monadicity for base change). Let AA be an abelian A-module category, 
F : A ^ B a dominant tensor functor, and m E AA a A-progenerator. Then m Ig is a 
B-progenerator of AA B, and we have an eguivalence of B-module categories, 

AA Klyi B ~ F(End(m)) -modg . 

Proof. This is a special case of Theorem 4.9, simply noting that the functors G and G _4 are 
canonically H-module functors in the case Af = B, regarded as a left M-module through the 
functor F, and right H-module by the right regular action. □ 
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Remark 4.12. We note that, in the absence of a braiding, the category oi A — B bimodules 
over algebras A and B, internal to a tensor category A, cannot be written as the category of 
A (g) modules in A, as in the case A = Vect, simply because there is no natural algebra 
structure on A (g) B°p. 

4.1. Barr-Beck-Tannaka-Krein reconstruction for braided tensor categories. We 

shall assume from now on that .4, is a rigid braided tensor category. We highlight two 
important special cases where monadicity applies: 

Proposition 4.13. For any n, the tensor unit 1^ is a progenerator for the n-fold right 
regular A^'^-action. 

Proof. This reduces immediately to Proposition 3.14 □ 

Remark 4.14. It is possible to describe End 4 ^ 2 ! 1.^) explicitly, via the co-end construction; 
we have: 

(4.1) Endfa^l = f 0 WKPj/(Im(idvr-K0-0*Kidy) I 

\yGcomp.4 / 

If A is semi-simple, we may make this more explicit by choosing a representative X of every 
simple isomorphism class of object and write simply, 

End ^ m(lA) = 0X* KX. 
x 

When expressed through the canonical maps lu : U*^U —?■ End ( aIa), the algebra structure 
is the tautological one, composed with the braiding: 

V* mV (S>w* MW = {V* (g)W*)^ (V (S) W) XAXA {W* 0 V*) M{V(g)W) Endfad. 


Definition 4.15. Let 0{A) := T(End_ 4 Ki 2 (l^)) denote the algebra in 4, obtained by applying 
the tensor product T : AM A ^ A. 

As a special case of monadicity for base change, we have: 

Theorem 4.16 (Monadicity for traces). We have an eguivalence of categories, 

A M A^ 0(A) -mod^. 

Clearly, the description of End 4 8 ) 2 ( 14 ) implies a similar presentation, 

(4.2) 0{A) = j 0 W 0 E j /(Im(idvK* (g)0 - 0* 0 idy) | 0 : E ^ W), 

\V£A J ^ 

and in the case A is semi-simple, we may write: 

0(A) ^ 0X*0X. 

X 

The multiplication map fi : 0{A) 0 0{A) —?■ 0{A) may be expressed entirely internally 
to A. Using the canonical maps iy '■ V* ® V -A- 0{A), we may write the multiplication as 
follows: 

(V* 0 U) 0 {W* 0 W) (W* 0 V*) 0 (U 0 W) 0{A). 
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Remark 4.17. When A = Repq G, the algebra 0{A) goes by many names: it has appeared 
in the literature as the “equivariantized quantum coordinate algebra” of Majid, “the reflec¬ 
tion equation algebra” (usually, in the case of GLn), and the “quantum loop algebra” of 
Alekseev and Schomerus, and hnally is isomorphic via the Rosso form to the locally hnite 
subalgebra of UgQ. 

5. Computing factorization homology of punctured surfaces 

This section contains the hrst main result of this paper, that is an explicit computation 
of the factorization homology of a braided tensor category on any punctured surface. 

5.1. The distinguished object. Recall from Section 2.2 that the inclusion 

0 M 

of the empty manifold into any surface induces a canonical functor 



Definition 5.1. The image of the tensor unit k G Vect under the above functor will be 
called the distinguished object or quantum structure sheaf, and denoted by Oa,m G A. 

We note that by construction, the distinguished object is mapped to the distinguished 
object by the functor on factorization homology induced by an embedding of manifolds. In 
this section we explicitly compute the functor associated to certain particular embeddings: 

Proposition 5.2. Let X = be a disjoint union of k 2-disks. We have: 

(1) We have an isomorphism Oa,x — I^h*. 

(2) The functor on factorization homology induced by any embedding X ^ 'Ef is isomor¬ 
phic to the tensor functor A^^ —)■ A. 

(3) Any two embeddings of X into a path connected manifold M give rise to isomorphic 

functors, and any such factors through the tensor functor A. 

Proof. Parts (1) and (2) are contained in the equivalence between locally constant factoriza¬ 
tion algebras on and ii^ 2 -algebras. Part (3) follows from the fact that Emb(X, M) is path 
connected, and the fact that any such embedding can be factored through an embedding of 
X into a bigger disk. □ 

Proposition 5.3. Let M = X U Y be a collar gluing of two manifolds X and Y, along a 

PxR 

codimension 1 sub-manifold P with a choice of a trivialization N = P xE of an open tubular 
neighborhood N of P. 

(1) The map X U Y ^ M given by the composition X UY = M\N M induces the 
canonical functor from absolute to relative tensor product: 

[ AM [ A^ f A M [a. 

Jx Jy Jx In-^Jy 

(2) Moreover, we have a canonical isomorphism: 

Oa,m — G>a,x ^ Oa,y- 


24 


Proof. Part (1) can be extracted form the proof of the excision property. Since 0 is initial, 
the maps 


and 


0 ^ M 


0^0u0^xuy 


coincide, which together with (1) implies (2). 


□ 


5.2. Moduli algebras. Let S' be a pnnctnred snrface. We dehne the following algebra: 


Definition 5.4. The modnli algebra of S is 

As := End ^(C>^^5). 

The main goal of this section is to describe a combinatorial and explicit presentation of 
As, and to nse it to identify with the category of A^-modnles in A. 

Pnnctnred snrfaces may be indexed by combinatorial data called gluing patterns P. In this 
section, we will give explicit presentations of algebras Op in A, whose categories Op-modyi 
of modnles in A describe the factorization homology of the associated marked, pnnctnred 
snrface S(P). 

Definition 5.5. A gluing pattern is a bijection, 

P : {1, T,... ,n,n'} ^ {!,... 2n}, 

snch that P{i) < P{i'), for alH = 1,..., n. We highlight for fntnre nse the following glning 
patterns: 

Ann{l, T) := (1, 2), T^\D\l, T, 2, 2') := (1, 3, 2,4), 

and by convention, we allow the nnll glning pattern : 0 —?■ 0. 


Remark 5.6. The set of snch glning patterns, modulo cyclic permutations, is clearly in 
bijection with the set of ribbon graphs with a single vertex; the indexing we use is most 
convenient for writing down explicit relations. 




Figure 1. The punctured surface F(P) constructed from a gluing pattern P. 

A gluing pattern P determines a surface S(P), with a single marked boundary interval 0, 
as follows: we begin with a disk with 2n + 1 boundary intervals labeled 0,1,... 2n, and 
then glue each of n handles Pj, with marked intervals, i and i' to P{i) and P{i'), respectively. 

Definition 5.7. We say that handles Hi and Hj, with i < j are: 
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• positively linked if P{i) < P{j) < P{i') < 
negatively linked if P(j) < P{i) < P{j') < Pii'), 

• positively nested if P{i) < P{j) < P{f) < P(z'), 
negatively nested if P(j) < P{i) < P{i') < P{j'), 

• positively unlinked if P{i) < P{i') < P{j) < P{j'), 
negatively unlinked if P(j) < P(jO < P^d) < 

where the sign is (+) ii i < j, and (—) if i > j. 


Definition 5.8. We dehne the crossing morphisms, 
as follows: 


o{aY^^ c>(.a)« 


OiAY^') 0{A)^^ 


o{aY^^ o{aY^ 





Linked crossing Lij 


Nested crossing Nij Unlinked crossing P^ 


Remark 5.9. The nnlinked crossing operator P,, is nothing bnt the braiding of A applied 
to 0{AY^^ (^0{AY^\ 

Definition 5.10. For a glning pattern of rank n, we dehne the algebra ap to be the object 
0{A)®"' in A, with mnltiplication on each pair of factors 0 0^1, i < j: 

C)h) 0 c>(i) 0 qA 0 qU) C)h) 0 Qik 0 qU) 0 qU) Qd) 0 qU)^ 

where Cij = Lf^ (resp. if Hi and Hj are (±)-hnked (resp. (±)-nested, (±)- 

nnlinked), and m denotes the mnltiplication on O. 

The following is the main resnlt of this section; 

Theorem 5.11. ITe have an isomorphism of algebras As(P) — CLp, and an eguivalence of 
categories, 

/ .4. ~ Op-mod^ ~ As(P)-modyi 

Jj:{p) 

Proof. We may deform the attaching disk of S(P) in snch a way that the 0-marked interval 
is on the right, and all other marked intervals are on the left. 

We have A ^ A as a category; however the markings on D indnce a .4,®^”-.4,-bimodule 
strnctnre, 

(oi Kl ■ ■ ■ K a 2 n) KI6Kci—)-ai0---0 a 2 n c, 

which bimodule we denote by 2 nAj\^. 
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For each handle Hi, we have A ~ Aaa, the category A with its right regular A^ A- 
module structure. 

Likewise, given n handles Hi,... Hn we have ^ category. We make 

this a right ^^^"'-module using P: 


(oi K ■ ■ ■ Kl Ctrl') ^ (^1 Kl . . . Kl 6211) ' — t (fli ® &P(1)) K ■ ■ ■ Kl (On' 0 bp(^n'))- 

We denote this right ^^^"^-module by A^. 

We note that the module structures on and 2 nAA are precisely those induced by the 
markings on the left hand side of Figure 1. Thus, by the excision property for factorization 
homology, we have: 


(5.1) 


/ A^ A^ M 2nAA- 

'e(P) 


Let Tp G S 2 n be the permutation obtained by precomposing P with the map 


{1,...,2p} -)■ {1,1',... ,n,n'} 

dehned by 

{ il2 if i is even 
{i/2)' if i is odd 

Applying Proposition 4.13, we may identify A^ with the category of modules in 
algebra End fl aa)^ obtained by applying Tp to End (l a 

The bimodule 2 nAA is simply that induced by the iterated tensor product functor : 
j^ 2 n which itself carries the structure of a tensor functor using formula (3.1). Hence 

we may apply Theorem 4.11 to conclude. 


(5.2) 





as a right ^-module category. 

Note that equations (5.1) and (5.2), combined with Theorem 4.11, yield an isomorphism, 

Op — As- 

Let us now explain how to identify ap := T^’^(End(l^^)'^) with the algebra ap. First, 
we consider the subalgebras C)(^)*'*’*'^ = End(lyip(..j^^^,,j), and their images 0{A)^'''^ : = 
T{0{A)^'’'''*). The multiplication induces an isomorphism. 


m : 0{A)^^^ 0 • • • 0 0 {A)^A ^ 

on the level of objects. It remains only to compute the pairwise cross relations between 
factors. Note that (Ph.*') qUJ') commute in because they occupy different tensor 
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factors. Hence we have the following commutative diagram: 



The ordering on the tensor factors in , and hence the value of Jij, depends on the 
gluing pattern. For example, in the positively linked case, as indicated in Figure 2, we have 
Ji 2 = id ® id, and J 21 = {a ® a) o (id ®a ® id), hence: 

^lo(2)0C)(i) = rn\Q{i)i^Q{2) o J12 J21 = ° -^^12; 

as claimed. The other hve cases follow a similar computation. 


P(l) P(2) P(1’)P(2’) 



2 2 ’ 1 1 ’ 


Figure 2. In the linked case, we have P(l, 1', 2,2') = (1,3,2,4). 


□ 

Definition 5.12. The disjoint union of gluing patterns P : {1,1',... ,n,n'} —)■ {1,... 2n} 
and Q : {1,1',. ■ ■ 5 ^1 t {1,..., 2m} is 

P U Q : {1,1',. • •, 171 + (m + n)'] ^ {1,..., 2(m + n)}, 

i i'^ ifi<n 

’ \ Q{i — n)-\-2n^Q{{i — n)')+ 2n^ li i > n 

We record the following useful corollary. 

Corollary 5.13. Let P = Pi U P 2 he the disjoint union of two gluing pattern. The algebra 
ap is the braided tensor product of ap.^ and ap^. 

Proof. By construction, any pair of a handle in Pi and a handle in P 2 is unlinked, hence 
the cross relations between the corresponding 0{A) factors are those of the braided tensor 
product. The result thus follows from the hexagon axioms. □ 


5.3. Examples. 
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5.3.1. Reflection equation algebra from the annulus. The braided dual, or reflection equation 
algebra, of a quasi-triangular Hopf algebra if is a certain modification of the Hopf dual of 
H, which is equivariant with respect to the ii-adjoint action and is canonically identified 
with Oh- mod- Donin-Kulish-Mudrov proved in [DKM03] that the reflection equation alge¬ 
bra universally provides representations of the braid group of the annulus, extending the 
representations of the planar braid group attached to H. 

The annulus is homeomorphic to J]{Ann), where we recall that Ann{l) = l,Ann{l') = 2. 
Thus, we have a Ann — Oi^A)., and hence: 



Figure 3. The annulus constructed from a gluing pattern yields a Ann — 
0{A). The pair of pants yields the braided tensor product apan — 
0{A)^0{A). 


Theorem 5.14. There is an equivalence of categories between factorization homology of the 
annulus with coefficients in H-mod, and the category of H-equivariant modules over the 
reflection equation algebra of H. 

Choosing bases for objects V, W, the commutation relations between generators {av)) ■ = 
u* ® Vj and {aw)’i = ®wi of 0{A) may be written as follows: 

5 ^ (awYXUavKRt, 

k,l^m,p s,t,u,v 

or in matrix notation, 

(5.4) R2lAvRl2A\Y = A\yR2lAyRi2. 

Remark 5.15. Equation (5.4) is known as the reflection equation, and hence the name 
reflection equation algebra. In the case H = Uq{g), the reflection equation algebra is the 
algebra Oq(G) which quantizes the Semenov-Tian-Shansky Poisson bracket on G (and should 
not be confused with the FRT algebra, the Hopf dual to Ug{g), often denote by the same 
symbol, of which it is a co-cycle twist [VVIO]. 
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5.3.2. Iterated braided tensor products from pairs of pants. In [DKM03], Donin-Kulish- 
Mudrov observed that the nth braided tensor power of the reflection equation algebra pro¬ 
vides representations of the braid group of an n-punctured disk. This corresponds to the 
gluing pattern made of one disk with n unlinked handles. For n = 2 this is a pair of pants 
which is depicted on Figure 3. 

Theorem 5.16. There is an equivalence of categories between factorization homology of n- 
punctured disk with coefficients in H-mod, and the category of H-equivariant modules over 
the nth braided tensor power of the reflection equation algebra of H. 

5.3.3. The elliptic double from the punctured torus. The punctured torus T‘^\D is homeo- 

morphic to S(P), where P(l) = = 3,P(2) = 2,P(2') = 4. 



Figure 4. The punctured torus constructed from a gluing pattern yields 
^T‘^\D — TI>A- 

Hence At^\d — where is the algebra in A which as an object is 0{A) 0 0{A), 
and the cross relations of Theorem 5.11 coincide with those of the so-called elliptic double 
introduced in [BJ14], which provides representations of the braid group of the punctured 
torus. It is proven there that in the case H is factorizable, is isomorphic to the so-called 
Heisenberg double of H. In particular, if P = this is isomorphic in turn to the algebra 
TlqiG) of quantum differential operators on G. This algebra has been studied in various 
context: it is a simultaneous flat deformation of P(g) and T>{G) and a quantization of a 
certain Poisson structure on G x G thought of as a Poisson-Lie analog of the cotangent 
bundle of G [STS94], which is one of the building block of the Poisson structure on character 
varieties (see Section 6 ). 

Theorem 5.17. There is an equivalence of categories between factorization homology of the 
punctured torus with coefficients in RepqG, and the category of Vq^G) -modules in RepqG. 

In order to write this more explicitly, we may choose bases for V and W. Let Ay, Aw 
denote the N x N (resp. M x M) matrix {Ayfl = ^ vi, (resp. {Aw)^ = Kl Wn), with 

the entries regarded as elements of (P 13 . Let Dy and Dw denote the same matrices, but with 
elements regarded instead in 02a- We can write the commutation relations in matrix form: 

AyRyy/Dw — Ry^wDyrRwyAyRy^Wi 

or even more explicitly, 

jDjk pfn _ \ '' Tjik pgi pro u pvt 

j^m o,p,r^t,u,v 

where we have omitted the labels V, W on P-matrices for ease of notation. 
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5.3.4. The r-punctured surface Tg^r of genus g. The ^f-fold disjoint union of the once-punctured 
torus gluing pattern yields a gluing pattern for the once-punctured surface of genus g. The 
disjoint union of this with the r — 1-fold disjoint union of the annular gluing pattern yields 
a gluing pattern for Egthe r-punctured genus g surface. Accordingly, we have 

f ® -mod^, 

where ® denotes the braided tensor product in A. 



Figure 5. The r-punctured, genus g surface from a gluing pattern yields the 
iterated tensor product of g copies of and r — 1 copies of 0{A). 


5.4. Mapping class group actions. Let f,g:M^Nhe diffeomorphisms of manifolds 
M and N, and suppose that g \ f ^ g is, an isotopy. Then g yields an isomorphism of 
functors, r;* : ^ g^, intertwining the canonical isomorphisms if : f*{0_A^M) —t and 

t'g ■ 9 *{^A,m) ^A,N- 

Suppose further that M and N have marked boundary intervals Im and In, respectively, 
that / and g are maps of pairs, so that f{lM) = In and g^Im) = In, and hnally that g is 
an isotopy of maps of pairs, i.e. = In for all t. 

Under these assumptions, A and A are endowed with .4,-module structures, we have 
^.-module equivalences, 

f*,g* ■ / .4 —> / A. 

J M J N 

Along the lines of Proposition 4.7, we have canonical isomorphisms of algebras, 
f*,g* ■ Am = Tjad /fO a,m) —t An = End _4((P4/y), 
induced by evident isomorphisms of functors, 

^9 ■ t tr^i, 

induced by if,ig respectively. Finally, since g^ is canonically an isomorphism of 4,-module 
functors, intertwining if and ig, we have that 0f,9g, and hence, /*,^ : Am —t An coincide. 

Hence, taking M = N, we obtain an action of the mapping class group of M on the 
algebra Am- 
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Remark 5.18. The mapping class group is the truncation tto Diff(M, M) of the cxo-groupoid 
of diffeomorphisms of M, isotopies, isotopies of isotopies, and so on. Clearly, the 2-group 
7 r<i Diff(M, M) acts on the category itself. However the simple nature of diffeomor- 

phism groups of surfaces allows one to reduce this action to that of the mapping class group, 
endowed in the case of genus 0 and 1 with some additional commuting operators (an action 
of homotopy type of SO(3) and of x S^, respectively). 

In the case A = Repq G, one recovers this way the mapping class group action on moduli 
algebras [AS96] and the quantum Fourier transform on the algebra T>q{G) of differential 
operators [BJ14]. Indeed, it is proved in loc. cit. that there is an action of the universal 

central extension SL2{'L) of the modular group on T>q{G) by algebra automorphism. Recall 

that SL 2 {'L) is generated by X,Y with relations 

X^ = {XYf {X^,Y) = 1 

Using the presentation given in Section 5.3.3, the action of the standard generators X, Y is 
given by: 


X-Av = Dv X-Dv = DvAy^Dy^ 

Y-Av = Av Y ■ Dv = DvAyS 

We call the automorphism induced by the action of X the “quantum Fourier transform” 
because it degenerates to the classical Fourier transform on 0(g). 

5.5. Braid group representations. Fix an embedding c : M. It follows from 

the formalism of factorization homology that we have an action of the fundamental group 
7 ri(Emb((R^)'-'^, M), l) on the functor 

F, 

J M 

which is clearly Ffc-equivariant. Together with the fact that factor through the multipli¬ 
cation of A, for each 7 in the braid group Bk{M) of M we obtain natural isomorphisms. 


F,{Vi 0 • • • ® Vfc) ^ ^.(^7(1) ® ® 


where 7 is the image of 7 through Bk{M) —)■ Sk- 

This recovers the surface braid group representations obtained in [BJ14, DKM03, Jor09] 
and generalizes those to higher genus surfaces. 


6. Character varieties and quantization 

In this section we explain how our formalism recovers the classical character stack and the 
character variety, and provides a quantization of the Atiyah-Bott Poisson structure on the 
latter. 
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6.1. Classical character varieties from Rep G. Recall that Chg(S') and Che (S') are 
respectively the character stack and the character variety dehned in the introduction. If S 
is a connected surface of genus g with n > 0 points removed, then 7ri(S') is the free group on 
2g + n — 1 generators, hence 

where the quotient is taken with respect to the diagonal adjoint action. In that case, the cate¬ 
gory of quasi-coherent sheaves on Chg(S) is easily identihed with the category of 
modules in Rep G. Comparing with Theorem 5.11, we have: 

Theorem 6.1. If S is a punctured surface, then we have an equivalence of categories, 

QCoh(^G(>^)) - [ Rep G, 

Js 

between the eategory of quasi-coherent sheaves on Chg(S), and the factorization homology 
of S with coefficients in Rep G. 

There is a natural identiheation Ch^fR) = Map{S, BG) where BG is the classifying 
stack of G. We denote by Rep^jG the formal version of RepqG, dehned as in Section 1.3.2 
but using the formal quantum group instead. Hence, if X is a topological space of 

dimension 0,1,2, factorization homology with coefficients in Rep;jG should be thought of 
as a quantization of the functor 

QGoh{Map{-,BG)). 

In [PTVVll] (see also [Toel4]) the authors prove that the classifying stack BG has a 
canonical 2-shifted symplectic structure induced by the Killing form on g. R gives rise 
by integration/pull-back to a 0-shifted symplectic structure on Che fs') which is a stacky 
version of the Poisson structure on the affine algebraic variety ChG(S'). The category JgA 
is a quantization of this structure. 

The main goal of this section is to show directly that our constructions also provide a 
quantization of the Poisson algebra of functions on the categorical quotient ChG'(S'), in the 
sense of deformation quantization. 

6.2. Gluing patterns, fat graphs and Poisson structures. Let S' be a punctured surface 

and choose a gluing pattern P for S' with n handles. The category Rep G has a tautological 
strict tensor functor to the category of vector spaces, hence the algebra ap can be identihed 
with an associative algebra, under this functor. A gluing pattern can be viewed as an 
instance of a ciliated fat graph in the sense of [FR99], with only one vertex. Recall that G 
has a standard Poisson Lie group structure. To a ciliated graph, Fock-Rosly attach a Poisson 
structure on and shows that the adjoint action of G in this space is Poisson-Lie. 

Their main result is the following: 

Theorem 6.2. The inherited Poisson structure on /G does not depend on the choice 

of the underlying eiliated fat graph, and eoincides with the Atiyah-Bott Poisson strueture. 

The main result of this section is then: 

Theorem 6.3. The algebra ap is a quantization of the Foek-Rosly Poisson structure on 
Q 2 g+n-i ^ Rs invariant part Hom; 7 ^(g) (C, Op) does not depend on the choice of P and is a 
quantization of the Atiyah-Bott Poisson strueture on S. 
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Before the proof, let us reformulate Fock-Rosly’s construction in a way convenient for our 
purpose (we refer the reader to the original paper [FR99] or the survey [Aud97] for details). 

Fix a ciliated graph F with one vertex, let S be the corresponding surface and label the 
edges from 1 to n in the order determined by F. Since F has only one vertex, the Fock-Rosly 
Poisson bracket is dehned on 

Q^Q)®n ^ c>(Hom( 7 ri(S),G')). 

Moreover, it is enough to compute the Poisson bracket {/, g} for / G 0{GY'’'> and g G 

for i < j, which in turn is determined from the Poisson brackets coming from graphs with 

one vertex and one or two edges. 

For a: G 0 , we will denote by x\ the action of a: on G by left-invariant and right invariant 
vector held respectively, and we set x°''^ = x^ — xK Let r G 0 ®^ be the classical limit of the 
quantum R-matrix and set p = — r ^’^) and t = -t- Let t^sts be the bivector 

held 

nsTs = - t'’". 

It induces on G a Poisson structure which has been introduced by Semenov-Tian-Shansky [STS94]. 
We will denote by Gsts the variety G equipped with this Poisson structure. Then Gsts is 
a Poisson Lie variety under the adjoint action of the Poisson-Lie group G. 

We can then extract the following from [FR99]: 

Theorem 6.4. Let T be a ciliated graph with one vertex and n edges. The corresponding 
Poisson structure on G(G)®"' is induced by the bivector field 

^STS + ~ ^ji) 

i i<j 

where it is understood that T^ij is a 2-tensor acting on the ith component of the first factor 
and the jth component of the second factor of G"^^ = G^ x G”, defined by: 

^ ± Unlinked 

2 P’’‘) if hi are ± linked 

2sz{rad^ad _ 2fr,r _|_ if i, j are ± nested 

6.3. Quantization via Rep;jG. 

Proof of Theorem 6.3. The following is well known (see e.g. [DM03, Mud06]): 

Theorem 6.5. The reflection eguation algebra G(Rep;jG) is a flat deformation of 0{G), 
guantizing Gsts- 

Moreover, the left action on the rehection equation algebra becomes, at the clas¬ 

sical limit, the left f/( 0 )®^ action on G(G), where the action of the hrst copy of G( 0 ) is 
induced by 

X ^ x"^ 

and the second action is induced by 

0 3 X !-)■ —x’' 

(since left invariant vector helds act on the right, the minus sign turns this into a left action). 
Hence to prove the claim it is enough to check that say for i < j the bivector held coincides 
with the quasi-classical limit of the action of L^-, Wj or Uij if the handles i,j are linked, 
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nested or unlinked respectively. We prove this in the nested case, the other cases are similar: 
dropping indices for the sake of clarity, we have 

(6.1) fV = ri2,34 O .Ri, 34(.R ^)34,2 = 'ri2,34 O .Ri 2,34(.R34,2.R2,34) 
and hence, 

(6.2) ^2,34 oN - 1 ^ ^12,34 _ 2^1,3 _ 2^1,4_ 

where we used that = 2f’^ and 

_ ^i,k ^j,k ^i,jk _ ^i,j ^i,k^ 

The right hand side of (6.2) acts on G x G via the bivector field 

^ad,ad _ 2 f,r 

as required. □ 
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